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HOW TO USE THIS BOOK IN BEST WAY

' THE IDEA OF AFUNCT

HISTORICAL NOTE

Much of mathematics is about observing and Implementing the pattern so far we have learned

e T e e e how to link pair of objects from two sets. Now, if we consider the first object as input and the
e o s SecoN as oUtput, we can introduce the idea where thre is one output for each input.
W Lz (1646.1716) n 1673, On initi
All topics are S o A0 T Detnition
R e o fion | A Tunction s a special type of relation in which each element of the first set is related to

arranged in best e ‘Wny o cement of the secon set. T elemen f e st et s clled th Iput the

. bl t element of the second set is called the output.
possible way to

enhance your P w— o] : SOLVED EXAMP]L

. »
learning of the [<==»
A function can be visualized as an inputloutput device.
chapter. Go Function or Mapping
X X Let Xand Y be any two non- emmy sets and mere be correspondence or association between the
through each clmentso Xt sch oten
. . ! asy = f(x). Then we =y mamsamapp.ng o function fom X 0 Y, and s witen as £ X Y
pOInt/headlng/ such thaty = 1(x), x & X,
10, () = a sinix + b cosix + ¢ sin cosx 5% + sin‘® and B = cos*0 + sin‘0 such that m,
. Real Function 0 Y
subheading of 114X — Y be afuntin from a nom-empty st X t another o<y st Y, where X, Y < R ol 10 = 20020, DUIE20 6, Max af A and m, = Min of B then indthe vlue of m;
(set of all real numbers), then we say that { is a real valued function or in short a real function. 2 ' mm;
2 o L 20)+ L (25in%0)?
the theory. Features of a Mapping f: X ¥ )= ,+E+[E,,]Wszx+,s.,.2x Sol. A= cost + s =3 (2c05'0) + 3 @sin’)
1. For each element x e X, there exist a unique element y Y. 212 2 ) |
2. The elementy < Y is called the image of x under the mapping . ath, 1[,7b D <t Sa*b+l boa)y ¢ 7) == (1+c0s(26)) + —(1— 2c0s (26))°
3. If there is an element in X which has more than one image in Y, then f : X — Y is not a = Ve ® (©-ar e’ | 2 4
‘ function. But distinct elements of X may be associated to the same element of Y. ‘ 20, Let A= sin* 0 + cos* 0, then find range of A L cos20) + Lt 200520+ cost 20y
Sol. We have, A = sin‘ 0 + cos* 0 = (sin? 6)? + (cos? 0)? 2 4
11 11 Liost
g —sin?(20) =2 Leos(20) + 2~ Lcos(20) + 2 (cos* (20))
“1-zsivncoso=1- G20y, S @0) 22 72 T

2 2 3.1 .
As we know that, 1 < {-sin’(20) < 0 =7+’
1. {-sin’(20)} c0e1 Max value of A= n\:—+— 1-1
2

V 2 Also, B = sin0 + cos'0
2o
= ,1+1<M<0+1~>1sAs1 =L asin‘0) + 2 (4cos'o)
V 27 2 = 2 2 1
21, Find the max and min values of (0) = sin®0 + cos®. ~Lasinte) s Lacostay:
Sol. We have, f(0) = sin‘0 + cos® = (sin0)* + (cos%0)° 2 4
= (sin0 + cos?) - 3sin0 cos'0(sin0+ cos0) :%(Lcus(zu)} +%(1+ cos (20))°
=1-3sin%0cos0 =1~ 3, 2 2
=1-3sin%0 cos?0 =1 4(Asm cos® 6) :%aimsae»+1(1+2m5(29)+msz(26))

DO IT BY YOURSELF (DIBY) <1 Sz =1+ S L

EEFE PIE)
77317 @)

As we know that, -1 < (-sin’ 26) < 0

v 4%Sa(fsi;ﬂze)so ;%*ims’(?“) .
f DInY3 N :L%suwg:%sv(e)g B= mf—+—0-—
F—“ Evaluate the following: Hence, the maximum value = 1 and the minimum value Now, the value of m? +m? +mm, —
These are simple % '"“(),:i]‘ 54. Ifa,b,c, dare positive, then J@[1+a+1hx)(‘ﬂ‘ L 4
questions based 55 |im{1+"_’"x}(mx 56, The\mlueufllm(l SXZJW it
on above concept e =
. e _(x+5x+3Y . " N -
(l:)ﬁ\gedbﬂ:esg &1 W ey oo 1010)~(353 v im0 Solved Examples will help you in developing thought
v (I olt 2’ 5. ForstIlm(Hij 0. m@j)‘“ of question solving and application of concept covered.
ourse f) Questions ' - sin? x+ cosx-1 Observe the method & technique of question solving
WI” help yOU to 61. The value of I|Ln‘(2—x) 2 62. The value of lim—————— . R R
<> ’ o and keep that thing in mind as you proceed further.

get strong hold 63. The value of Ilm[ ] 64, ',",'.![%7772)
on that particular '

. 65. The value of I| [ —tan”’ x) 66. lim(1-ax)™" isequal to
topic. In case - oo
of any difficulty 67, Thevalue o [ (" ] . Iim[wjzm

N x+1 o X+ x+2 ) . o ~ 1y o 3
refer to detailed e ) infissn2)] SACHIN SIR SPECIAL (S3)
) 3 69, The value of lim| 70. lim| 1+sin—
solutions given at x " ) ! N
\ end of the book ‘ 71. The vale of um(l*s"]“ 72. The value of lim(log, 5%)° ) !
* J SACHIN SIR SPECIAL (S*

1. If the range of function @) >f(f(4a + b))
e 55 ~ Tta iy -9 = s =9
1| RS R r A e b
e ;
Sol. Let whenb=0,da'=9=>a,= =

i
o “ S EIEC Lty e = aisnotanineger
Here you will find V= e~ OO @Dy -n =0 when a=—-1,-4+b-b+b-9=b-13

Roxisrial 9020

A 100--x+13
= (y-17 2 4ely— 17 = 4y*+ 1 -4y 2 4oy~ Boy + 4c () = ~(-x+13)+13= x
amazing solved — ale- Dy (1 26)y + (e <0 i (a0 = (1 0) =10
problems designed autws weghanye| 2] Lt Roesschoat
(6y-5)2y-3) S0 = 12~ 28y + 1550 @ (i) 1(1) + 212) + 31(3) +....+ (@) = 0+ 1) 1),
& curated by me. wrs oo
SRes Sol. Given,
These prOblemS ERe p ran ] f(nuuz)umw m(m -+ () (1)
. . Puting (n+ 1) il
will help you In 2 L= 5 t0foralxe R and 1221 @ i)+ (D10
A e @

- —u a q.(2)-Eq. (1)
IncreaSIn.g the M R i) (ol + 2 0t o)
canvas size of ol Ve 0010,

= f(n+)=(n+2)f(n+)-nf (n)
. = @D =0
your mathematical

aptitude and

= nf@)=(+)f(n+1)
= 20(2)=31@)=...=nf(n)

Form (1),

i 00 = 1,(1,00) = - 3" (1) + [nf(n) + nf(n) ..... to (n— 1) terms] = n(n + 1)f(n)
will boost your N N 3 S H()+ (- 1) (1) = n(n+ 1 1) = F(1) = 2n ()
confidence to try RPN N B ORI

N R 3 5. Find the sum of all such numbers a such that for any of

them the equation [ - 5| 1 -1 | -1 | 1| = x - a has
infinitely many solutions

Sol. In the figure below is pictured the graph of the functions
¥=lix=51-1]-1|-1] 1|

new & challenging
problems for JEE

(3] :
Advanced. 2
. et = b whreaundbareimeger (1) =0

and f(1(14)) =9, then find value of  (F(f(f (10))))

Sol. 1) =ax+b;f(0)=b = (f0) =ab+b=0
=@+b=0=a=-1orb=0
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SINGLE CORRECT

1. The period of function 261 + sin rx + 37+ cos 2k
+ an ] (where {<} denotes the fractonal pat of ) is
@2 o1 ©3 @ Noweal

2 Let{a,a, ..a}and ¥ = (o, b, b} The number of
functions  fom x {0y such tht it is nto and there are
exactly three elements in X such tht (x) =b,is
@7 Bo @0 (@12

3. Letf bean injectve functionsuch that (1) ) +2 =1(s)
+10) +109) ¥y € R. I 1(4) =65 and 1(0) = 2, then
1(x) i equal to, ¥ x < R.

@ -1 () 042 (@ e+l (@ ¥+40

4. Given that

1

9. s given that f(¢) is an even function and satsy the

A ()
eltion () =5 then te vlue of 1(10)

Zetan? k1 ()
i
@10 () 100
© 50 (6) None of these

The perod o sin ] +cos 5+ cos S0, where 4
denotes the integral partof x s

@8

© @ Non-perodic

Let (0 = X2 - ), 0= x< 2. f th definiion of 1 *is:
extended over the el R - 0, 2] by f(x + 2 = (), then
Tisa

W) D) 9980 1000)
1 1
B
Evaluae thefolowing expresion (-1001) - g(-1001).
@58 (100 @10 ()%
S U100 4G H )= 100+ 2) 41 (x4 6) ¥ x < R, and

1(5)=10,then Y. 1(5+81) equalto

@ 1000 () 10 (9 10000 (@) 10
6. The fundamenta period of the function

{22 e
@ @4 @3 (@

16 xandy satisty the equationy = 2 1] +3andy = -
2] simultaneously, where [ - ] denotes the greatest integer
function, then [x + y) is equal to

(@) 21 ® 9 (© 30 @ 12

Let f (x) = " and g(x) = sin x for all x € R. Then the
setof all xsatistying (fogogo) () = (90gof) (), where
(100)00 =1 (000 s

@ ¥ ne{012.}

© s nef2.}

uxy:ams-[

(@)
(6) Non-periodic function
(©) Periosic function of period 2

@ erigic unction of peron 3

fthe minimumvalueofy = (x-2) (-4) (<=8) (+~8)+ 16,
s m then (m + 3) equals

@o o3 ©6 @15
Evaluate the expression

20257

st
(a) 1005 () 1012 () 1013 () 2025

“The range f £(d) = [sin x + [eos x + [tan x + [sec ],
‘where [ denotes the reatestinteger function

<xis
@ 0.1 6 (1010 {1} (@ Noseof
these

Let ()= and g(x) =€, xc Rwhere )
and ] denatesth fractional an itegrl par unctons,
respectively. Alsoh) = o1 (1) + lop(g)ten or e
X b s

(@) Anodd function

(0) An even function

JEE ADVANCED

SINGLE CORRECT
fbe defined a5 S0230
msamry m(xn 0.x € u z 3 o) the number of
such functions s
@10 @ao  ©a @
2. For function () =logy, xandy < . x» 1 its given that

H0) -3 7(6.0)-3 anda-c=9 vakeofb-dis

(a) 64 (b) 93
©0 (d) date insufficient
3 R 4 where [: ﬂ] Letm

R T
integer function).
@3 ® 2 © 4 @6
4. Let f(x) = 2tan"x and g(x) be a differentiable function
x+2y)_9(0+29(y)

satistying o vxyeRr

100 = 2. The numbe of Itegrs satisying
lz(g(x)) 5f(g(x)) + 4 > Owhere x = (-10, 20) is equal to
@5 ®) 6 ©7 s
5. 111: R - R i an invertible function such that 1) and
1 (x) are symmetric about the line y = —x, ther
(@) 1(x) is odd.
(6) 116 and - may not be symmetic about the fine
o
(€) 1(x) may not be odd.
@ Noneof these.
MULTIPLE CORRECT
6 R R ()= (a"-2a+ 16~ (B -3b+ 2 + 5+
1,8.b < Ris anintofuntionthen
(@) Number of ordered pairs (a, b) is 6.
(&) Number of orceredpairs () is 2
(c) Sum of all possible values of a is 0.

7. Let a be a solution of the equation 2[x + 32] = 3

x—64] where [ isthe greatet nteger s than or equal

toxandlet p:l:’lsm[ — ]n.m
@ =] © o2
© lul[ﬁ]:l ) HMHZ

116 is @ monic polynomialfuncton of Gegree &
satstying )= & fori=1,2,3, 4 e

(@) number of zeroesat the en of (&)1 is &

) number of divisors ot (5 is 8.

(©) sum of even divisors of ()i 56

(@) sum o odd divisors o (5) i 15
Afunction R — R satsies
sin2x sin2y{f(3x + 3) + f(3x - 3)) = coszcos2y
G+ 3 1T10) = 1 1) = 1 then

@ 40 +91" (=0 () 94169 =
© Y ) (@ SHiOY + 4y =4
“The maximum value of the function cefined by f () =
min (28" ,8) i then ntegral valueof xsatsying

e equaiy X1a])_
i

ot denotes gretestneger tion s an o

equal o

@ 1 3 ©s

Letf:A- Bandg B> C be two functions and

gof i defined. Then which of the following

Satements) s e oreet

(@) 1 gof s ontothen f must be on

3 11T o and g 5 nty v g st be ano
ction.

(©) 1fgofis ane-one then g is ot necessarily one-one.

(@) If i injective and g is surectve then gof must be

Lot be o conat furction with dosn & anc e

certan function with domain R. Two odered pairs infare

S o) o el s o A

domain of L is R - {73. Then

@a=2 ® (aoy==1

CRITICAL THINKING QUESTION (CTQ'S)

CRITICAL THINKING QUESTIONS (CTQ'S}

Give an example of a funton 1 : . ) (0, =) with
the propery 17 s e if and nly it
pel2m)

vt te e e | | sty )y

It 400 = [0+ 1 (0t then the value of the
dernite ,mgm 11100 canbe xpressd n the form

ofratonal s & ind (+). (wherep and g are coprime
Pumbers)
Ifthe value of the definit inegrol

Tl e e
4= Fa—vb)
e

where a,.c.< N in their lowest form, find the value.
of (a+b+c)

e
Let A=| 1 |8=[abe] and
6
w2 s
c-| 8¢ 20 (e2f| be e given
a0 e e

Gien tat

W) = © er wn.mqmm.m.,«m
n

T

i the valueof (4 ),

i J{ B fite e

" where e coprme, then

(i

o))

ten
1

@ 2-1 -3

(@ 3 ()

© n=2o @ n=z0u

Givenan odd fuctiont, defined nd negrable evrywhere,
periodic withperiod 2and et 9(x) = " ()t Prove that
0 920 =0 for every ineger

ERLAEN

E

() og ek
LV s it
=

(@) ~log?
® -lost
(© log;

@ Noneotthese
1F1(x) is a continuous function in [0, x] such that 1(0) =
()= 0than thevae of

177120+ 1"(@0)sin cosne isequal to

@ = ®) 2

(© 3n (d) none of these

Letf: R R be a continuous function and
1(x) = #(2x) is true ¥ x € R. If (1) = 3, then the value of
1 oD s equalto

@310 b0 © 33 (@) 6

The value of the constant & > 0 such that
i = ot K e where 11 denotes the
st g unction, s

23+ cos8)

© o)

23-cost)
(L cosa)

20-cost)
(1—cosd)
23+ cos8)
rcosd)

111 is continuous functons 1 :[0,1] - & satistying
I -1
J 10906 100006 5 fnd valoeof

FEY
Eins Loz

. © (o =1 @ [roe-1 (i) gisan even function periodic it peiod 2
‘ © gramneloat0a2.) (©) Neither and ot no an even fuction ‘ i (@ sumof all posibl values o b i 3. ! .

Here you will find questions based on latest
pattern of JEE-Main's i.e. (Single correct &
Numerical Type). | suggest to solve these
questions, immediately after completion of
theory and solved examples & DIBY.

hese exist a variety of questions in
critical thinking to solve. If you have
craving of problem solving & exploring
other areas of mathematics (i.e.
Olympiads) then this exercise is for you.

Inclusion of every type of questions asked in
I1T-JEE Advanced. | suggest to attempt these
questions category-wise in different sittings.
This exercise will surely fulfil the need of
sufficiency for JEE Advanced.

)))

ANSWER KEY

S SOLUTIONS =3

e o]

L Wehavey = ity =0,

DIBY (5110510
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ESTIONS (€T0)
tan s a0 sE sk

1 .
Reguredaren= 1 x20x20 20
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Detailed solution of every question is
provided at end of the book including DIBY,
JEE Main, JEE Advanced and CTQ's.

Complete Answer key is provided at the end
of each chapter.




e unless it expresses a thought o

I HISTORICAL NOTE

Interesting Number Paradox
A Humorous paradox that arises
from the attempt to classify
every natural number as either
‘Interesting or uniteresing”
It came into existence when
G. H. Hardy told Ramanujan
“The taxi cab number 1729
seems uninteresting” to which
the former replied that it is
the smallest number which is
the sum of two cubes in two
different ways.

Cardinal Number

The number of distinct
elements in a set A is
denoted by n(A) or |A| and it
is known as cardinal number
of the set A.

INTRODUCTION

‘A set is the mathematical model for a collection of different things; a set contains elements or
members, which can be mathematical objects of any kind: number, symbols, points in space,

lines, other geometrical shapes, variables or even other sets’.

Relation on a set may, or may not hold between two given members of the set. Set members

may not be in relation "to a certain degree"
Relation is the branch of mathematical logic that studies sets.

1 Set is a language of mathematics.

SET THEORY

DEFINITION

A set is a well defined collection of objects. By well defined we mean there should be no

ambiguity regarding the inclusion and exclusion of the objects.

REPRESENTATION OF SET
There are two methods for representing a set.
(i) Tabulation method or Roster form
All the elements belonging to the set are written in curly brackets and separated by commas
If Ais the set of days of a week, then
A = {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday}
(ii) Set Builder Method or Set rule method
In this method, we use the definition, which is satisfied by all the elements of set.
In above example set A may be written as

A ={x: xis aday of week}



[ Sets ]

4

y

Type of Sets |

>

Empty set or Null set

A set which has no element is called null set. It is
denoted by symbol ¢ or {}.

Equivalent set

Two finite sets A and B are said to be equivalent, if
n(A) = n(B).

Singleton set
A set having one element is called singleton set.

Finite and Infinite set

A set which has finite number of elements is called
a finite set. Otherwise, it is called an inifinite set.

Power Set

The set of all subset of a given set A is called power
set of A and denoted by P(A), n(P(A)) = 2"®,

Equal Set

Two sets A and B are said to be equal, written as

A =B. if every element of A is in B and every
element of B is in A. Clearly equal sets are
equivalent but equivalent sets need not to be equal.

Subset And Superset

L

| Operations of Sets

Difference of two sets
A-B={x:xeAandx ¢ B} Similarly, «
B-A={x:xeBandx ¢ A}

Union
AuB={x:xeAorx e B}

o
Clearly, x e AUB)=x e Aorx e Band
Xx¢ (AuB) =>x¢gAandx¢ B

Symmetric Difference

The symmetric difference of two sets A and B
denoted by A A B, is defined as
(AAB)=(A-B)u (B-A)

Disjoint sets
®°
Intersection of sets

U

A N B (read as "A intersection B") and defined <
asAnB={x:xeAandx € B}

-

ANB =,

—

Note —

Every set is a subset
and superset of itself.

If A is not a subset of
B, we write A < B.

The empty set is the
subset of every set.

If A is a set with n(A)
= n, then number of
subset of A are 2" and
the number of proper

subsets of A are 2"-1 )

If A and B are two sets such that every element of A is also an element of B, then A is a subset of
B and B is superset of A. We write Ac B.

Universal Set
The universal set is the superset for all the sets under the consideration.
The set of complex numbers is the universal set for all possible sets related to numbers.

Complement of a Sets (A’ or A°)

The comlement of a set A of all those elements of the universal set U which are not elements of
A. It is denoted by A’ or Ac. Clearly, A’ or A°=U — A.

De-Morgan's Law
(i) (AuB)Y=A"NnB
(i) ANB)Y=A"UB’

5 8 &

PLE. (Principle of Inclusion and Exclusion)

n(A U B) =n(A) + n(B) — n(A N B)

n(Au B u C) =n(A) + n(B) + n(C) -n(A N B) - n(BNC) -n(An C) + n(An B n C)
nA,UA,UAUA, ... A)=n(S)-n(S,) +n(S,) -n(S,) ... 1)™"n(S)

where n(S,) =n(A) + n(A) + ... + n(A), n(S,) = n(A,nA) + n(A,nA) +n(A,nA) + ...
nEs,) =n(A,NA,NA,..NA)

Calculus



Important Results:

== N(A-B)=n(A) — n(AnB)
1= N(AAB) = n(A) + n(B) — 2n(A N B)

== N(A" U B’) =n(U) -n(AnB)

1w n(A" N B') =n(U) - n(A U B)
> Number of elements in exactly two of the sets A, B, C
=n(AnB)+nBNC)+n(CnA)-3n(AnBNC)

= Number of elementsinexactly one of the sets A, B, C=n(A) + n(B) + n(C) —2
nANB)-2nBNC)-2n(AnC)+3n(AnBNC)

SOLVED EXAMPLES

1. An organization awarded 48 medals in event ‘A’, 25 in

Sol.

Sol.

Sol.

event ‘B’ and 18 in event ‘C’. If these medals went to
total 60 men and only five men got medals in all the three
events, then, how many received medals in exactly two of
three events?

n(A) = 48, n(B) = 25, n(C) = 18
n(AuBu C) =60,
nNANBNC)=5
n(AuBuUC)=2n(A)
-2NANB)+n(AnBNC)
2N(ANB)=48+25+18+5-60=236
Number of men who received exactly 2 medals
>NANB)-3n(ANnBNC)=36-15=21

A B

. The number of elements in the set {x e N : 10 <x <100}

and 3*— 3 is a multiple of 7} is
F—3ismultipleof 7= 3*=71 + 3
x =6k + 1 form

x=1,7,13,19....... 97

Number of possible values of x = 15

. Find the number of elements in the set

{xe 7 |x2 —10x +19| < 6} .
—-6<x?-10x+19<6

= x?-10x+25>0and x*-10x + 13<0
= (x—5)?>0and xe [5—2@,5+2J§]
x € R{5}...() and x={2, 3,4,5, 6, 7, 8}
Taking intersection of (i) & (ii), we get
=x=2,3,4,6,7,8

.. Number of values of x =6

(i)

Ix|-2
B={xeZ:x2-7|x| +9<0}. Then find the number of
elements of A " B.

. Let AZ{XG [—6,3]—{—2,2}:w20} and

Sets and Relations

Sol.

Sol.

Sol.

Case-l: [x]-2>0and |x+3|-1>0
=>KX>2=>x>20rx<-2
andx+3[>21=(Xx+3)>1orx+3<-1
=>x>2-20rx<-4=x¢e [-6,-4] U (2, 3]

Case-Il: |x] 2<0and |[x+3|-1<0

=X <2=>-2<x<2and|x+3|<1
=-1<Xx+3<1=-4<x<-2

.. No common solution exists

=>A={xe[-6,-4] (2,3}

B={xez:x*-7]x +9<0}
X2-7Tx+9<0forx>0=>x¢e{2,3,4,5}

X2+ 7x+9<0forx<0=xe {-5,-4,-3,-2}

A ={+2, £3, £4, £5}

Thus An B ={-5,-4, 3}

Hence, number of elements in AN B is 3.
LetA={1,2,3,4,56,7}andB={3, 6, 7,9} Then find
the number of elements inthe set {Cc A: Cn B = ¢}.
CcAandCnB=¢

If Cis formed only by {1, 2, 3, 4, 5, 6, 7} total number of
subsets of A =27,

when C is formed by{1, 2, 4, 5} = 2*
.. Number of subsets where C n B = ¢
=21-24=112

. Find the sum of all the elements of the set

{a € {1.2,....,100}: HCF (a, 24) = 1}.
{ae(1,2,3,...,100): HCF(a,24) =1}

HCFof(a,24)=1 .. a=1,57,11,13,17,19,23
sum of these numbers = 96.

.. There are four such blocks and a number 97 is there
upto 100.

.. complete sum =96 + (24 x 8 + 96) + (48 x 8 + 96) +
(72 x 8 +96) + 97 = 1633

LetA={ne N:H.CF. (n,45) =1}and Let B = {2k : k
€ {1,2,....,100}}. Then find the sum of all the elements of
AN B.
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. Set A has m elements and Set B has n elements. If the total number of subsets of A is 112 more than total number of subsets
of B, then find the value of m - n.

. LetX={n e N:1<n<50}. If A={n e X: nisamultiple of 2); B={n < X: nisamultiple of 7}, then find the number
of elements in the smallest subset of X containing both A and B.

. Two newspapers A and B are published in a city. It is known that 25% of the city populations reads A and 20% reads B
while 8% reads both A and B. Further, 30% of those who read A but not B look into advertisements and 40% of those who
read B but not A also look into advertisements, while 50% of those who read both A and B look into advertisements. Then
find the percentage of the population who look into advertisement.

. Let Z be the set of integers. If A={X e Z : 22656 =1} and B ={x e Z: -3 < 2x — 1 < 9}, then find the number of subsets
of the set AxB.

. LetS={1,23......., 100}. Find the number of non-empty subsets A of S such that the product of elements in A is even.

. Inaclass of 80 students numbered 1 to 80, all odd numbered students opt for Cricket, student whose numbers are divisible
by 5 opt for Football and those whose numbers are divisible by 7 opt for Hockey. Find the number of students who do not
opt any of the three games.

. Ina class of 30 pupils, 12 take needle work, 16 take physics and 18 take history. If all the 30 students take at least one

subject and no one takes all three then find the number of pupils taking 2 subjects. )

Ordered Pair

An ordered pair consists of
two objects or elements in a
given fixed order.

Equality of Ordered Pair

Two ordered pairs (a,, b,)
and (a, b,) are equal iff
a =a,and b, = b, ie.
(@ b)=(,b)<=a =a
and b, = b,.

Relation is denoted by aRb
or R(a, b).

Sets and Relations

CARTESIAN PRODUCT OF SETS

Let A and B be any two sets. The set of all order pairs (a, b) such thata € Aand b € B is
called the cartesian product of the sets A and B is denoted by A x B. Thus, A x B = {(a, b);
aeAandb e B}

If A= ¢ or B = ¢, then we defind A x B = ¢

Properties of Cartesian Product
AxB={a b} acAandb e B} If A, B and C are three sets then,
(i) Ax(BuC)=(AxB)U(AxC)
(i) Ax(BNnC)=(AxB)n(AxC)
(i) Ax(B-C)=(AxB)-(AxC)
(iv) IfAcBthen (AxB)c (B xC)
(v) IfAcBthen(AxB)c (BxA)=A?
(vi) IfAcBand Cc Dthen(AxC)c (BxD)
(vii) (AxB)n(SNT)=(AxS)n (BN T), whereSandT are two sets.

RELATIONS

A relation R from a non-empty set A to a non-empty set B is a subset of the cartesian product
A x B. The subset is derived by describing a relationship between the first element and the second
element of the ordered pairs in A x B. The second element is called the image of the first element.

DOMAIN OF ARELATION

The set of all first elements of the ordered pairs in a relation R form a set A to a set B is called
the domain of the relation R.

RANGE OF ARELATION

The set of all second elements in a relation R from a set A to a set B is called the range of the
relation R. The whole set B is called the co-domain of the relation R.

Note: Range < Co-domain.



Note: R = {(x, y): x is
husband of y} is transitive
relation.

> The void relation on
a set A is symmetric
and transitive

1 Singleton relation
is always transitive
relation.

1> ldentity relation are
always reflexive,
symmetric and
transitive it means
they are equivalence

relations.
Trick: Always look for
exceptions whenever we

need to check for types of
relations.

Note: In general RoS # SoR,
(SoR)* = R0S.

| Notee o

N

(i) The identity and the Universal relations on a non-void set are symmetric
relations.

(if) Arrelation R on a set A is not a symmetric relation if there are at least two
elements a, b € A such that (a, b) e Rbut (b, a) ¢ R.

(iii) A reflexive relation on a set A is not necessarily symmetric. For example,
the relation R = {(1, 1), (2, 2), (3, 3), (1, 3)} is a reflexive relation on set
A={1, 2, 3} but it is not symmetric. )

6

10.

. Transitive Relation: Let A be any set. A relation R on A is said to be a transitive relation
iff (@, b) e Rand (b,c) e R=(a,c) e Rforall a, b, c € Ai.e. aRb and bRc = aRc for

a,b,ceA
TRANSITIVE RELATION

y v

Case-I: aRb & bRc Case-Il: aRb only is transitive Case-l11: aRa only is transitivi
= aRc is transitive relation

i.e. R, = {(2, 3)} is transitive ie. R, = {(1, 1)} is transitive
ie. R, = {(1, 2), 2 3), R, ={(L 2), (3, 2)} is transitive R, = {(1, 1), (2, 2)} is transitive
()

Note: The identity and the universal relations on a non-void set are transitive.
Equivalence Relation: A relation R on a set A is said to be an equivalence relation if R is
reflexive, symmetric and transitive.

Anti Symmetric Relation: Let A be any set. A relation R on set A is said to be an anti
symmetric relation iff (a, b) e Rand (b,a) e R=>a=bforalla, b € A

Inverse Relation: If R is a relation from non empty set A to non empty set B, then the
inverse relation of R is defined from the set B to A, by interchanging the first and second
coordinates of ordered pairs of relations R.
IfR:A—>Bgivenby,R={(a,b):acAandb € B}

then, R*: B —> Agiven by, Rt={(b,a):b e Band a € A}

Composition of Relations: Let R and S be two relations from sets A to B and B to C
respectively. Then we can define a relation SoR from A to C such that (a, ¢) € SoR V
b € B such that (a, b) € Rand (b, ¢) € S. The relation is called the composition or R and S.

SOLVED EXAMPLES

14. LetA=4{2,3,4}and B={8, 9, 12}. Then find the number of
elementsintherelationR={((a,, b,), (a

a, divides b, and a, divides b, }.

sol. (a)
A

a, divides b,

Each element has 2 choices =3 x2=6

Sets and Relations

a, divides b,
,,0,)) € (AXB,AxB): Each element has 2 choices = 3 x 2 =6
Total =6 x 6 = 36

15. Check the following relations for being reflexive,
symmetric, transitive and thus choose the equivalence
relations if any.

(i) aRbiff|a|<b;a, b e setof real numbers.
(i) aRbiffa<b;a,beN.

1
(iii) aRbiffla=b|>;abeR.

(iv) aRbiffadividesb;a, b e N.



DIBY 1.2
8. The relation R defined on the set A = {1, 2, 3, 4, 5} by R = {(x, y) : [xX* — y3| < 16}, then check if R={(1, 1), (2, 1), (3, 1),
(4, 1), (2, 3)} is a relation or not.
9. IfA={1,2,3}and R, ={(1, 2), 3, 2), (1, 3)}, R,={(1, 3), (3, 6), (2, 1), (1, 2)}, then show that R, is a relation and R, is
not a relation on A.
10. Define arelation R onset A= {2, 3, 5, 6, 10} as xRy if ‘x <y and x divides y’, then find domain of relation R.
11. Arelation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by xRy < x is relatively prime to y. Then find domain of R.
12. LetX=4{1,2,3,4,5}and Y ={1, 3,5, 7, 9}. find number of relations from X to Y?
13. LetA={1, 2,3}, B={1, 3,5}. Arelation R : A — B is defined by R = {(Z, 3), (1, 5), (2, 1)}. Then find R™.
14. The relation R is defined on the set of natural numbers as {(a, b) : a = 2b}. Then find R
15. If R be arelation <fromA={1,2, 3,4} to B={1, 3,5} i.e, (a,b)e R & a<Db, then find ROR™.
16. LetA={1, 3,6, 9}. Let R be the relation on A defined by R = {(x,y) : x € A, y € A and x divides y}. Find R in roster form.
17. Find the range of the relation R given by R ={(x, y) : x e N,y € N and x? + y> <24}
18. Let A={2, 3, 4, 5} then how many relations can be defined on set A?
19. Risarelation from {11, 12, 13} to {8, 10, 12} defined by y = x — 3. Then find relation R
20. For real number x and y, we write XRy < x— y+\/§ is an irrational number. Then prove that the relation R is reflexive.
21. Forany two real numbers a and b, we define aRb if and only if sin’a + cos?b = 1. Then prove that relation R is an equivalence
relation.
22. Let S be the set of all real numbers. Then prove that the relation R = {(a, b): 1 + ab > 0} on S is reflexive and symmetric
but not transitive:
23. Let R be a relation defined on Q as follows: a, b € Q, aRb if and only if [a — b| < 1. Then prove that R is reflexive and
symmetric? )
TYPES OF RELATIONS
v 1] v
Empty Relation Universal Relation A\ Identity Relation A\
A relation in which no element of A A relation in which each element of A relation in which each element
is related to any other element of A, A is related to every element of A is related to itself only. | = {(a, a),
ie.R=0cAxA \i.e.RzAxA. \aeA}
Reflexive Relation Symmetric Relation A\ Transitive Relation A\
(a,a) e R, foreverya e A || (a a) € R implies that (@, a,) € R & (a, a,) € R implies
L 5 = —>
for every a € A. (a,a) e R foralla,a, eA that (a,, a,) < R for all
\ \ai, a, &, € A
Equivalence Relation Inverse Relation Anti-symmetric Relation
A relation R in a set A is said to _|| [Inverse relation of R from A to B (@,a)eR&(a,a)eR
™| be on equivalence relation if R is denoted by R, is a relation from B =a =a,wherea, a, A
reflexive, symmetric & transitive. \to A is defined by R = {(b, a)}

Sets and Relations 11



COUNTING OF RELATIONS

N\ N\ N\
_ | Number of relations from setAto | Number of identity relation on a 5| Number reflexive relation set on
| B=2™ where |JA|=m, [B|=n set with 'n' elements = 1 a set with 'n' elements = 2n-H
N\ N\ R . N\
Number of symmetric relation set Number of reflexive and Number of relations which are
on a set with 'n' element = 2n(+1)2 L 5 | symmetric relations on a set with »| symmetric but not reflexive
n(n-1) n(n+1) n(n-1)
nelements = 2 =2 2?2 =22
REMEMBER AS A RESULT
For Transitive Relations: For Equivalence Relations:
If n(A) = 1 = Number of Transitive relations = 2 If n(A) = 1 = Number of equivalence relations = 1
If n(A) = 2 = Number of Transitive relations = 13 If n(A) = 2 = Number of equivalence relations = 2
If n(A) = 3 = Number of Transitive relations = 171 If n(A) = 3 = Number of equivalence relations = 5
If n(A) = 4 = Number of Transitive relations = 3994 If n(A) = 4 = Number of equivalence relations = 15

Note: There is no generic formula for above results.

Calculus
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Sol.

Sol.

Sol.

49

=X+ Y2, for some integers x and y. If
\/n+ n*-1

x denotes number of elements in set A & y denote number
of elements in set B. Find the number of relations defined
from A to B.

n-1 J

We have
n +1

\/n+ Jn? -1 J[ nit
ﬁ I

n+l n-1

2 2
_|n+#1 |n-1
V2 2

Hence the sum from the statement

/49+ /48+ \/:—O 5+ __5+3\/—

Number of relatlons =25 = 215

LetS={(@, b,c)} e NxNxN:a+b+c=21,a<b<c}
andT={(a,b,c)} e NxNxN:a,b,careinA.P}, where
N is the set of all natural numbers. Then find the number
of elementsintheset S T.

a+b+c=21and b—% =a+c=14andb=7

So, a can take values from 1 to 6, when ¢ range from 13

to8,ora=b=c=7

So, 7 triplets.

The number of 3 digit numbers, that are divisible by

singleton element of set A or element of set B but not

divisible by elements of set C. If aN = {ax : x € N} and

A =3N, B =4N, C=48N.

Total number of 3 digit number = 999 — 99 = 900

Number of 3-digit number which are divisible by 3
900

=300 Usmg——300
Number of 3-digit number which are divisible by 4
=225 (Using¥= 225]

Number of 3-digit number which are divisible by 3 and 4
both =75

(Usmg@—ﬁj

Number of 3-digit number which are divisible by either
3or4d

Sets and Relations

Sol. R =

Sol.

Sol.

=300 + 225 - 75 =450

We have to remove divisible by 48,

144,192, ....., 18 terms

Required number of 3-digit number which are divisible

by 3 or 4 but not 48 = 450 — 18 = 432.

LetA={-4,-3,-2,0,1,3,4}andR={(a,b) e AX A
=|a] or b? = a + 1} be a relation on A. Then find the

minimum number of elements, that must be added to the

relation R so that it becomes reflexive and symmetric.

[(_41 4)’ (3! 3)1 (31 _2)! (O! 1)1 (Ov 0)! (1a 1)1

(4,4), 3 3)}

For reflexive, add = (-2, -2), (4, 4), (-3, -3)

For symmetric, add = (4, 4), (3, 3), (-2, 3), (1, 0).

Minimum number of elements = 7.

Let R be arelation from the set {1,2,3. ...., 60} to itself such

that R = {(a,b):b = pq where p,q > 3 are prime numbers}.

Then find the number of elements in R.

a,be{l23,.., 60}

p,q € {3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,

53, 59) — total 16

b pqsﬁo{ps20=> p<19

gs20=09<19
p,q(3,5,7 11, 13,17, 19}

p 3|5|7|4|

q|¢|¢|l| |

p=3

<60&
as pq {qzs

{5, 7,11}

{7}
(3,5,7,11, 13,17, 19}
7+3+1=11
R ={(a,b) : b =pq, where p,q > 3 are prime}
= 60 x 11 = 660

60 11

options  options

Letaset A=A UA U..UA, where A nA =¢for

i #j,1<i,j <k Define the relation R from Ato A by R =

{(x,y):y €A ifandonlyifx € A, 1<i<Kk}. Then show

that R is an equivalence relation.

Since, aRb = a is related to b, belongs to A iff a belongs

to A.

For reflexive: aRa, a € A, so it is true.

For symmetric : a & b belongs to the same set.

= b & a also belongs to the same set= bRa will be true

For transitive: aRb = b, ¢ belongs to the same set

bRc = b, ¢ belongs to the same set

= (a, ¢) belongs to the same set = so aRc will be true.
So R is an equivalence relation.

13
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SINGLE CORRECT

1.

Let R be a relation in N defined by

R ={( +x, 1+x?): x < 5, xeN}. Which of the following
is false?

@ R={(2,2),(3,5),(4,10),(5,17), (6, 25)}

(b) Domainof R={2, 3, 4,5, 6}

(c) Rangeof R={2,5, 10, 17, 26}

(d) None of these

. The domain and range of the relation R given by

6
R={(xy):y=x+ X where X, y € N and x < 6},
respectively, is:
(a) {1,2,3}{7,5} (b) {1, 2}, {7,5}
() {2, 3} {5} (d) {2,3} {5 3}
Consider the following with regard to a relation R on
a set of real numbers defined by xRy if and only if
3x + 4y = 5. Consider the following three statements:

2.3
®3) gR—

(1) OR1 7

1
@ 1R

Which of the above are correct?

() land2only (b) 1and3only

(c) 2and 3only (d) 1,2and 3
IfR={(x,y)|x,yeZ, x* + y> <4}is a relation on Z, then
domain of R is:

(@ {0,1,2} (b) {0,-1,-2}

(c) {-2,-1,0,1,2} (d) None of these

The linear relation between the components of the ordered
pairs of relation R given by:

R ={(0, 2), (-1, 5), (2, -4), «.v...... }s
(@ x+y=2 (b) 3x-y=1
(c) x+3y=2 (d) 3x+y=2

Let A be the set of first ten natural numbers and let R be
arelation on A defined by (x,y)eR < x+ 2y =10, i.e.,
R={(x,y):xeA,yeAand x + 2y = 10}. Then the domain
and range of R is

(@) {2,4,6,8}, {4, 3,2, 1} respectively

(b) {4,3,2,1}, {2, 4, 6, 8} respectively

(©) {1,2,3,4}, {1, 2, 3, 4} respectively

(d) None of these

Define relation R, and R, on set A = {2, 3, 5, 7, 10} as
xRy if x| (y - 1) and xR,y of x +y = 10) then the relation
Rgivenby R=R NR,is
(@ {2 4%}

© {B 7). (5.5}

(b) {B 7}
(d) None of these

Sets and Relations

8.

10.

11.

12.

The figure given below shows a relation R between the
sets A and B.

Then which of the following is correct?
I. The relation R in set builder form is {(x, y) : x is the
square of y, xeA, yeB}.
Il. The domain of the relation R is {4, 9, 25}
I1l. The range of the relation R is {-5, -3, -2, 2, 3, 5}
(a) Only I and II are true
(b) Only II and III are true
(c) I, land Il are true
(d) Neither I, Il nor 11 are true
The relation R, and R, are defined from R to R as given
below (R stand for set of real numbers)
R={(xy):Ix=3|<1,ly-3[<1} and
R,={(x,y) : 4x* + 9y* — 32x — 54y + 109 < 0}
Choose the correct option
(@ R,cR, (b) R, =R,
() R,cR, (d) None of these
On Q, the set of rational numbers, define a relation R as
follows:
aRb is a cos 15° + b sin 15° is an irrational number, then:
(a) domainofRisQ
(b) domainofRisQ-2Z
(c) domainof RisQ—N
(d) domain of R is Q — A where A is a singleton set.
Let a relation R be defined by R = {(4, 5), (1, 4), (4, 6),
(7, 6), (3, 7)} then RoR is:
(@) {(1,1),(4,4),47),.(7,4),7,7),63)}
(b) {(1,1),(4,4),(77),@B 3)}
(©) {(1,5),(1,6),(3,6)}
(d) None of these
If R is a relation from a set A to set B, then:
(@ RcBxA (b) RcAxB
(c) R=AxB (d) AxBcR

15
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18

Determine all integer n > 1 for which there exists a pair
of positive integers (a, b) such that no cube of a prime

divides a®> + b + 3 and

{ ab+3b+8
A=ini————
a“+b+3

Find the cardinal number of set of positive integers n with

=n;ne N, a,be N}.

the following property: the k positive divisors of n have
a permutation (d,, d,, .... d, ) such that for every i = 1, 2,

..... k, the number d, + ... + d. is a perfect square.

Find sum of all pairs (p, q), with p > g for which the

number

5= {(p,q);('[’J’q)m('o_c')pq L _nne z} .

(p+a)**(p-a)** -1
Arelation (a,b)Rc,d) is defined on 4-tuples (a, b, c, d) of
natural numbers with a <b < cand
al +b! + c! = 34 Find the number of tuples.

CAsetS={(p,q,nN:pg=r+1,2(p*+g?) =r2+1, where

p, q, r are primes}.
Find the cardinal number of S.

ThereisasetS={(a, b,c): a2=bc+1,b?>=ca+1,

a, b, ¢ € 2)}. Find the cardinal number of S.

7.

10.

11.

For any natural number n, expressed in base 10, let S(n)
denote the sum of all digits of n. Find all natural numbers
n such that

n®=8S(n)® + 6nS(n) + 1.

There isaset S={(m, n): m>~n®>=16mn, m,n € Z}.
A relation is define on (m, n) such that

R(m,n:m+n=0).

Then find sum of number of transitive and symmetric
relations in R.

Aset S is defined such that

q9_ AP
S={(p,q): 1+% is a prime number, p, g are prime
+

numbers}.

A relation R is defined such that R = (p, g). Find number
of transitive relations in R.
2 -1 -1
Let A=|1 0 -1l|andB=A-IlLIf o=
1 -1 0
the number of elements in the set
{ne{1.2,..100}: A"+ (0B)"=A + B} isequal to......
Let S denote the set of all 6-tuples (a, b, c, d, e, f) of
positive integers such that a> + b? + ¢ + d> + e2 = 2,
Consider the set T = {abcdef :(a, b, ¢, d, e, f) € S}. Find
the greatest common divisor of all the members of T.

, then

JBi-1
2

Calculus
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DIBY-1.1
1. [28]  2.[29] 3. [139] 4 [2] 5. [21%-2%] 6. [28] 7. [16]
DIBY-1.2
8. [Relation] 10. R={2, 3,5} 11. R={2,3,4,5}
12. [22]  13.R*={(3, 1), (5, 1), (L, 2)} 14. [R*={(1,2), (2, 4), (3,6) ...}]
15. [RoR*={(3, 3), (3,5), (5, 3), (5, 5)] 16. [R={(L 1), (1, 3), (1, 6), (1, 9), (3, 3), (3, 6), (3, 9), (6, 6), (9, 9}
17. {1,2,3,4} 18. [(16)7 19. {(8, 11), (10, 13)}
JEE MAIN
1. (a) 2. (a) 3. (0) 4. () 5. (d) 6. (a) 7. (b) 8. (c) 9.(a 10. (a)
11. (@  12.(b)  13. (a) 14. ()  15. (d) 16. (d) 17. (c) 18. () 19. (c) 20. (a)

21. (d)  22. ()  23. (a) 24.(d) 25 (b) 26. (a) 27. (a) 28. ()  29.(d) 30. (b)
3. () 32.() 33 [27] 34 (@ 35 (a) 36. (d) 37. (a) 38 (d) 39 [13] 40. [6]
41. [18]  42.[19]  43. [3] 44. [7]  45.[832]  46.[1251] 47.[30]  48. [38]

CRITICAL THINKING QUESTIONS (CTQ'S)
1. [2] 2. [2] 3. [5] 4. 3] 5. [2] 6. [8] 7. [17] 8. [3] 9.[1] 10.[17]
11. [24]
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